Chapter 1

Exercise 1.1.6
 A brand new light bulb is placed in a socket and the time it takes until it burns out is measured.
Describe an appropriate sample space for this experiment. Use mathematical set notation to describe the
following events:

SOLUTIONS
The sample space is  Ω = {t ∈R| t ≥ 0},  Where t is the time taken till the bulb burns out.

(a) A = the light bulb lasts at least 100 hours.
A = {t ∈R| t ≥ 100}  

(b) B = the light bulb lasts between 120 and 160 hours.
B = {t ∈R| 120<t<160} 

(c) C = the light bulb lasts less than 200 hours.
C = {t ∈R| t<200 } 

(d) A ∩ Cc.
Solution
Cc=  {t ∈R| t ≥200 } and A = {t ∈R| t ≥ 100}  
· A ∩ Cc = {t ∈R| t ≥200}

Exercise 1.2.5 
A card is drawn at random from a standard deck of 52 well-shuffled cards. Let A be the event
that the card drawn is a queen and let B be the event that the card pulled is red. Find the probabilities of the
following events and state in words what they represent.

(a) A ∩ B.
Solution
A=4/52
B=26/52
A ∩ B = (1/13)(1/2)
= 1/26

(b) A ∪ B.
A=4/52
B=1/2
(1/13)+(1/2)
=  0.577
(c) B − A.
=(1/2) - (1/13)  
= 0.423



Exercise 1.3.3
 A family has three children. What is the probability that all three children are boys? What is
the probability that there are two girls and one boy? Given that at least one of the three is a boy, what is the
Probability that all three children are boys. You should assume that Prob{boy} = Prob{girl} = 1/2.
Solutions
1. Pr(boy) = Pr(girl)= 1/2 
Sample space outcomes =
· P(3 are boys) = 1/8 
= 0.125

2. P(boy/at least 1 is a boy)
P(3boy) =1/8
P( at least 1 is a boy)= 1-1/8 =  0.875

· P(boy/at least 1 is a boy) =    0.125/0.875
 =0.143

Exercise 1.5.1
Six boxes contain white and black balls. Specifically, each box contains exactly one white ball;
also box i contains i black balls, for i = 1, 2, . . . , 6. A fair die is tossed and a ball is selected from the box
whose number is given by the die. What is the probability that a white ball is selected?
Solution
As the dice is randomly thrown, therefore the probability of choosing each of the 6 boxes = 1/6.
Now the probability of drawing a white ball if box i is chosen is computed as: = ( Total number of white balls in box i ) / Total no. of balls in box i
= 1/i+1
Thus total probability = (1/6)(1/1+i) = 

Exercise 1.5.3
 A factory has three machines that manufacture widgets. The percentages of a total day’s
production manufactured by the machines are 10%, 35%, and 55%, respectively. Furthermore, it is known that
5%, 3%, and 1% of the outputs of the respective three machines are defective. What is the probability that a
randomly selected widget at the end of the day’s production runs will be defective?
Solution
defective parts from machine 1 are 0.1 * .05 = 0.005 of the total.
defective parts from machine 2 are 0.35 * 0.03 = 0.0105 of the total.
defective parts from machine 3 are 0.55 * 0.001 = 0.0055 of the total 
Pr(any selected is defective) =  (0.005+0.0105+0.0055)
				= 0.021


Chapter 2
Exercise 2.1.1  For each of the following words, how many different arrangements of the letters can be found:

RECIPE, BOOK, COOKBOOK?
Solution
i) RECIPE
This is a 6 lettered word.
It contains two E’s. 
The number of different ways in which the characters in this word may be arranged is :
 Arrangements


ii) BOOK

This is a 4 lettered word.
It contains two O’s. 
The number of different ways in which the characters in this word may be arranged is :
 Arrangements



iii) COOKBOOK

This is a 8 lettered word.
It contains 4 O’s and 2 K’s 
The number of different ways in which the characters in this word may be arranged is :
 Arrangements


Exercise 2.2.4 
Is it more probable to obtain at least one 6 in four throws of a fair die than it is to obtain at least
one pair of 6’s when two fair dice are thrown simultaneously 24 times?

Solution

Pr(at least one 6 in four throws) :
The probability of what happens on the first throw does not matter. But the probability of getting a different number on the second, third and fourth throw are 5/6, 4/6 and 3/6 respectively. 
So on multiplying we get 6/6∗5/6∗4/6∗3/6= 5/18
on subtracting it from 1, we get 1− (5/18) = 13/18
						= 0.72

One pair of 6’s when two fair dice are thrown simultaneously 24 times:


Thus the answer is YES, it is more probable.



Exercise 2.3.2 
William Stewart’s four children come down for breakfast at random times in the morning. What
is the probability that they appear in order from the oldest to the youngest.
Note: William Stewart does not have twins (nor triplets, nor quadruplets!).

Solution

Pr(4 children in the order) = 4/4!
=



Exercise 2.3.3 
The Computer Science Department at North Carolina State University wishes to market a new
Software product. The name of this package must consist of three letters only.

(a) How many possibilities does the department have to choose from?

Solution
We have 26 alphabet letters:
We need 3 letters, therefore:
We choose 3 letters from 26 letters:
=> 26C3 = 

 = 2600 possibilities.

(b) How many possibilities are there if exactly one vowel is included?
Solution
We have 5 vowels
Thus we will have 26-5 = 21 consonants
We choose 2 letters from 21 and also 1 vowel from 5.
 Thus we have: 
21C2 + 5C1 possibilities 
=   + 

= 215 possibilities.

(c) How many possibilities are there if all three characters must be different and exactly one must be a
Vowel?

Solution
We have 5 vowels
Thus we will have 26-5 = 21 consonants
We choose 2 letters from 21 and also 1 vowel from 5.
 Thus we have: 
21C2 + 5C1 possibilities 
=   + 

= 215 possibilities.




Exercise 2.4.2
 Three cards are chosen at random from a full deck. What is the probability that all three are
Kings?

 Solution
Taking out the cards one at a time. The probability the first card taken out was a King = 4/52. 
Given that the first card taken out was a King, the probability the second one was =3/51, since there are 51 cards left of which 3 are Kings. So the probability the first two cards were Kings = 4/52*3/51. 
Given that the first two were Kings, the probability the third is =2/50. 
So the desired probability = 4/52*3/51*2*50
			= 1/5525


Exercise 2.4.3 
A box contains two white balls and four black ones.

(a) Two balls are chosen at random. What is the probability that they are of the same color?
Solution
1st draw” 1st ball
pr(white) = 2/6
pr(black) = 4/6

2nd draw:Second ball:
This depends on the first ball drawn
If white was drawn first, then 
Pr(white)=1/5
If black was drawn first, then
Pr(black) = 3/5

Total Pr(2 white balls) =(2/6)(1/5)   =1/15
Total Pr(2 black balls) =(4/6)(3/5) = 12/30
Pr pick 2 balls of same color is (1/15+12/30) 
= 7/15.


(b) Three balls are chosen at random. What is the probability that all three are black?
Solution
Pr(drawing 2 white balls) = (2/6)(1/5) = 1/15
Thus pr(3 black balls)= 1-1/15 
			= 14/15



CHAPTER 3

Exercise 3.1.1
A fair die is thrown once. Alice wins $2.00 if one, two, or three spots appear and $4.00 if four
or five spots appear, but pays Bob $6.00 if six spots appear. Let W be the random variable that represents the
amount Alice wins or loses. What is the domain and range of W? Give the partition of the state space induced
by this random variable. What is the set A4?

Solution
The game consists of throwing a fair dice once. 
There are 6 possible outcomes (i) = 1,2,3,4,5,6. So, there are 6 elements in the sample space.
 W (amount Alice wins or loses) maps the outcome of dice (i) into real numbers 2, 4 or -6.

 Therefore, domain,  W = (1, 2,3,4,5, -6).
Therefore range =(real numbers 2, 4 or -6).
Set A4   = $4.00

Exercise 3.2.1 Let X be a random variable whose probability mass function is given as


(a) What is the value of α?
Solution
 For a pdf,  
=>  
=> 
=> 
Thus 


(b) Compute Prob{X = 4}.
Pr(x=4) = 


(b) Compute Prob{X ≤ 2}.
P(X ≤ 2) =p(x=1)+p(x=2)
= 

= 

Exercise 3.3.2 
The cumulative distribution function of a discrete random variable X is given as


Find the probability mass function of X.

SOLUTION
Computing the probability mass function of this random variable. We observe first that this random variable has discontinuities at the points x = 0,1,and 2. These are the values that X can
assume and are the only points at which pX (x) can have a nonzero value. By subtracting the value of the function just prior to one of these points from the value of the function at the point itself,  we obtain the following probability mass function of X:




Exercise 3.3.5 
Let X be a continuous random variable whose cumulative distribution function is:

Compute the following probabilities:
(a) Prob{X ≤ 1}.
Solution
Prob{X ≤ 1) = 

= 1/5





(b) Prob{X > 3}.

= 

=

(c) Prob{2 < X ≤ 4}.




= 


Exercise 3.4.1 
The cumulative distribution function of a continuous random variable X is given by:


Find the probability density function of X.

solution
PDF of x is simply the derivative of the CDF  ,thus :



· the probability density function of X is Thus:

 





Exercise 3.4.2 
Let X be a continuous random variable whose probability density function is given by:

Find α and Prob{0.25 ≤ x ≤ 0.5}.
Solution

Find α


=
=

· 



Prob {0.25 ≤ x ≤ 0.5}.


=  for x from 0.25 to 0.5

= 

= 


Exercise 3.5.1 
The cumulative distribution function of a discrete random variable X is given as:


Find the probability mass function and the cumulative distribution function of Y = X2.


Probability mass function:




For Y = X2.
· 



Cumulative distribution function of Y = X2:




















CHAPTER 4:


Exercise 4.3.2
 Two discrete random variables X and Y have joint probability mass function as follows:
	
	X=1
	X=2
	X=3
	X=4

	Y=0
	1/6
	1/12
	0
	1/3

	Y=1
	1/6
	0
	1/4
	0




(a) Compute the marginal probability mass functions of X and Y and check for independence.


Solution

	
	X=1
	X=2
	X=3
	X=4
	Marginal prob. x)

	Y=0
	1/6
	1/12
	0
	1/3
	7/12

	Y=1
	1/6
	0
	1/4
	0
	5/12

	Marginal prob. y)
	1/3
	1/12
	1/4
	1/3
	1



For independence,  f(x,y) = f(x).f(y)
Taking f(1,1)  we have:




(b) Compute the probability of each of the following four events:
(i) X < 3; 
Soln
P(x<3) = p(x=1)+p(x=2)
		=1/3 +1/12 =   5/12

(ii)  X is odd;
Soln
=p(x=1)+p(x=3)
=   1/3 +1/4 
=   7/12

(iii)  XY is odd; 
Soln
=p(xy=1)+p(xy=3) 
=1/6 + ¼
= 5/12

(iv)  Y is odd given that X is odd.
Soln
= 
= 1/5 


Exercise 4.3.5 
Let X, Y , and Z be three discrete random variables for which
Prob{X = 1, Y = 1, Z = 0} = p,
Prob{X = 1, Y = 0, Z = 1} = (1 − p)/2,
Prob{X = 0, Y = 1, Z = 1} = (1 − p)/2,
where 0 < p < 1. What is the joint probability mass function of X and Y ?

SOLUTION
P{X = 1, Y = 1, Z = 0} = p,
P{X = 1, Y = 0, Z = 1} = (1 − p)/2
P{X = 0, Y = 1, Z = 1} = (1 − p)/2,
 Now 
for x=0 ,pr =(1 − p)/2,
for y=0 ,pr =(1 − p)/2,
for z=0 ,pr =p,

·  F(x,y) = 


== 

= F(x,y) = 





Exercise 4.5.2 
Two discrete random variables X and Y, which are independent, have probability mass
Functions given by:

	
	0
	1
	2
	3
	4

	x
	0.2
	0.3
	0.00
	0.1
	0.4

	Y
	0.3
	0.2
	0.1
	0.1
	0.3



Find Prob{X = 1|Y > 2} and Prob{X = 1|Y  2}.

Solutions
Prob{X = 1|Y > 2}

= 

 

= 0.75


Prob{X = 1|Y  2}.

=

= 

 = 1/3

Exercise 4.5.6 
Let X and Y be two continuous random variables whose joint probability density function is
given by:


What are the marginal density functions of X and Y ? Compute the probability density function of Y given X .

Solutions
The marginal density function of X
=


=


Thus     f(x) =


 The marginal density functions of Y:


= 

=


Thus     f(x) =


The probability density function of Y given X

= 

But f(x,y) =  

Thus  


= 




[bookmark: _GoBack]Exercise 4.6.3
Let X and Y be two independent random variables that are identically and uniformly distributed
on the unit interval. Use the convolution formula to compute the probability density function of the random variable S = X + Y .  pggggg292

Solution
uppose we choose independently two numbers at random from the
interval [0,1] with uniform probability density. 
Then,

The density function for the sum is given by:


Now the integrand is 0 unless 
If w have:

While if , we have:


And if S<0,  OR S>2, we have f(S)=0:
Thus 


